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ABSTRACT
We present a statistical model for solving and predicting the transport of large molecules through small flexible channels. The average radius
of the channel and the average radius of the molecule are the only two quantities determining the steric part of the potential of mean force
for the translocation, in the case of a small rigid particle and a large rigid channel: the barrier is completely entropic and is described by the
Fick-Jacobs model. However, the flexibility of the channel’s cross section and that of the molecule’s size have a significant effect on trans-
port, especially when a large molecule goes through a narrow channel. In this case, the steric barrier changes its statistical nature becoming
enthalpic, and we predict a strong temperature enhancement of the diffusion current through the channel. The flexibility is described in terms
of the equilibrium fluctuations of the channel and of the molecule. The model is compared with the all-atom MD simulations of the transport
of hard spheres of various radii and of drug molecules through a biological nanochannel. For the case of Gaussian fluctuations, we derived
a simple analytical expression for the steric barrier, which can be quantified using average size and fluctuations of the channel and of the
molecule.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5098868
Passive transport of molecules through nanosized channels in
porous media is of fundamental importance for applications in
materials science,1 nanotechnologies,2–4 and biology.5–10 The main
key features of the nanoworld and then of biological systems are
random fluctuations, dictating flexibility and diffusion. Thus, under-
standing the passive transport of flexible molecules through flexible
channels is a priority for the development of biomimetic applica-
tions and in nanotechnologies.
In the present work, we consider the diffusion of a flexible
particle through a channel with a narrow and flexible constriction
region so that the average equilibrium size of the molecule may be
larger than the average size of the pore. This is a typical situation
in biology, where the opening of a large pore in membranes con-
trasts with maintaining the specificity of compartments (membrane
potential and concentration of particular substrates). But since the
pore can be expanded and the molecule can be compressed, the lat-
ter still can be translocated over the constriction barrier. The passive
transport may often be adequately described within the diffusion
approximation by considering the molecules as overdamped Brow-
nian particles.11–13 To our knowledge, there are no existing implicit
models to tackle the problem of flexibility without performing
all-atom simulations to determine the central input quantities of the
transport process, the potential of mean force (PMF), U(x), and the
position-dependent diffusion coefficient, D(x), x being the position
along the pore axis. Even using enhanced sampling methods (e.g.,
the umbrella sampling14 or the metadynamics15), the simulations of
the whole system—the particle, the channel, and the medium—are
often computationally demanding as multimicrosecond long trajec-
tories may be required.16–18 Our aim is to connect analytically the
PMF of the particle in the pore with its geometric and flexibility
parameters. Here, we limit our analysis to the steric contribution to
the molecule-pore interaction free energy which originates from the
fact that atoms have finite size and cannot overlap. As we will see,
the steric effect has significant contribution to the PMF, creating a
barrier for the diffusing particles.
We consider a channel having a circular cross section and a
spheroidal particle with its axis always aligned along the channel
(Fig. 1). Furthermore, we select a minimal set of variables charac-
terizing the configuration of the particle in the channel—{x, y, z}
are the Cartesian coordinates of the center of the particle; rc is the
radius of the channel at the position of the particle; and rm is the
radius of particle’s spheroid orthogonal to the axis. The minimum
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FIG. 1. Schematic diagram of a flexible particle diffusing through a circular flexible
channel.
work, Wmin = Wmin(x, y, z, rc, rm), required to move the particle
from a certain point {x0, y0, z0} (e.g., x0 = y0 = z0 = 0) and equi-
librium values of pore’s/particle’s radii, to point {x, y, z} with radii
rc, rm determines the equilibrium probability density for the param-
eters,19 ψ(x, y, z, rc, rm) ∝ exp(−Wmin/kT); here kT, stands for the
thermal energy. Then, the equilibrium probability density for x
reads
휙eq(x)∝ ∫ exp(−Wmin(x, y, z, rc, rm)/kT)dydzdrcdrm. (1)
On the other hand, 휙eq(x) may be obtained as the equilibrium
(zero-flux) solution to the Smoluchowski diffusion-drift equa-
tion, determined by the PMF and independent of the diffusion
coefficient
휙eq(x) = c0 exp(−U(x)/kT); (2)
here, c0 is a constant dependent on the boundary conditions. There-
fore, one may introduce a physical model for Wmin and then use
Eqs. (1) and (2) to calculate the PMF.
By assuming constant pressure and temperature, Wmin may be
formally calculated as the free energy change along the thermody-
namic cycle,
Wmin = ∆Gc(rc, x) + ∆Gm(rm) + ∆Gint(x, y, z, rc, rm). (3)
The first term stands for the contribution due to the change in the
free pore’s radius at point x from its equilibrium value to rc; it
determines the equilibrium probability density of the pore radius
fluctuations, fc(rc, x) ∝ exp(−∆Gc/kT). The second term is the
contribution from the change in the particle’s radius from its equi-
librium value to rm, outside the pore, and its probability density
reads fm(rm)∝ exp(−∆Gm/kT). The last term in (3) contains all the
effects of the particle-pore interaction, and it vanishes by definition
when particle’s coordinate x is outside the pore.
By assuming the hard-wall repulsion between the channel and
the particle, we define the steric interaction potential as follows: it
equals zero when the channel and the particle do not overlap; it is
positively infinite otherwise. For the coordinate system chosen in
Fig. 1, one obtains
∆Gint = ⎧⎪⎪⎨⎪⎪⎩
0,
√
y2 + z2 + rm < rc(x),
+∞, √y2 + z2 + rm > rc(x). (4)
By putting together the results between Eqs. (1) and (4), one obtains
휙eq(x) ∝ A(x), where
A(x) ≡ pi∫ ∫ ∞
0
t2fc(rm + t, x)fm(rm)drmdt (5)
has the meaning of the average available cross-sectional area for the
particle inside the pore at coordinate x. Then, using Eq. (2), the PMF
may be calculated as
U(x) −U(0) = −kT ln(A(x)/A(0)). (6)
Equations (5) and (6) give the steric contribution to the poten-
tial of mean force of a molecule diffusing in the channel taking into
account both their average size and the flexibility. This is the main
result of this work. The input quantities, i.e., probability densities
f c(rc, x) and fm(rm), may be calculated by studying the equilibrium
fluctuations of rc(x) and of rm in all-atom MD simulations, sepa-
rately, for the channel and for the molecule. As the fluctuations are
not necessarily small, advanced sampling techniques may be used to
accelerate the statistical convergence.
The major assumption behind the present model consists in
using the hard-wall repulsion approximation (4) for the interac-
tion free energy. Therefore, the effect of the molecule/pore steric
interaction consists in the limitation of the configuration space. The
selection of the collective variables characterizing channel/particle
deformations is another important approximation of the model.
We have used the minimal set of variables in our example, thus
neglecting, e.g., the free energy related to the possible rotation of
the long axis of particle’s spheroid with respect to the axis of dif-
fusion. When one uses the PMF, U(x), in the diffusion-drift equa-
tion to treat the system out of the thermodynamic equilibrium,
the adiabatic separation of x from all other degrees of freedom
(including those we used to calculate U) must be assumed, in gen-
eral. Fortunately, this very strong condition may be softened and
the validity of the Smoluchowski equation may be extended if one
introduces an appropriate position-dependent diffusion coefficient,
D(x),20–23
∂휙(x, t)
∂t
= ∂
∂x
D(x)(∂휙(x, t)
∂x
+ 휙(x, t)
kT
∂U(x)
∂x
). (7)
The diffusion coefficient may depend on the size of the channel
“directly,” e.g., due to the limitation of the configuration space for
the coordinates of the diffusing particle,20–22 and also “indirectly,”
e.g., via the modified hydrodynamic interactions in the confined
solvent which affect particle’s mobility.24–26
In the practically important case of the steady state, the parti-
cle distribution is time-independent, 휙(x, t) = 휙(x), but the diffusion
current, I, is nonzero and depends on boundary conditions. In par-
ticular, when the diffusion is driven by the concentration difference,
∆c, at the boundaries of the channel of length L, the diffusion current
is determined by the Kramers-type formula11,20
I = ∆cA(0)∫ L0 exp(U(x)kT ) dxD(x) = ∆c∫ L0 dxA(x)D(x) . (8)
The formula for the diffusion current is modified in the case when
the radiation boundary conditions are more appropriate,27 or for a
single particle in a periodic PMF driven by a constant force.12,28,29
Equation (8) demonstrates that the PMF enters the flux in the expo-
nent, while the diffusion coefficient only linearly: the dependence
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of the diffusion current on the PMF is stronger. In many cases, the
diffusion coefficient may be probably taken as an effective constant,
D(x) ≈ D∗. If the PMF creates a large barrier in the constriction
region, U(xc) ≫ kT, the integral in (8) may be restricted to a short
interval, ∆x, around the barrier position, and the diffusion current
reads I = ∆cA(0)D∗ exp(−U(xc)/kT)/∆x.30
To illustrate the results, we introduce the two corresponding
average values Rc(x) and Rm, the corresponding standard deviations
σc(x) and σm, and the difference in radii Rcm(x) ≡ Rc(x) − Rm with its
standard deviation σ2cm(x) ≡ σ2c(x)+σ2m. If the channel is wider than
the molecule, Rcm(x) > 0, and when both are stiff, Rcm(x)/σcm(x)≫ 1,
then distributions f c(rc, x) and fm(rm) may be approximated by the
Dirac delta functions and one obtains A(x) ≈ piR2cm(x). The PMF
profile, U(x) − U(0) ≈ −2kT ln(Rcm(x)/Rcm(0)), is determined
by the difference in the pore and the particle equilibrium radii, in
agreement with the Fick-Jacobs approximation.20–22,29,31
Now, we suppose that distributions f c(rc, x) and fm(rm) are
normal, and the average radii are significantly larger than the cor-
responding standard deviations. Then, distribution f cm(t, x) is also
a Gaussian having mean value Rcm(x) and variance σ2cm(x). If
the particle barely fits the pore at the constriction region so that
|Rcm(x)|/σcm(x)≪ 1, then one finds A(x) ≈ piσ2cm(x)/2, i.e., the PMF
is completely determined by the pore/particle flexibility in terms of
equilibrium fluctuations. In the limit of a narrow channel and a thick
molecule, Rcm(x) < 0 and |Rcm(x)|/σcm(x) ≫ 1, one may limit the
integration in (5) to the range from 0 to ≈ σ2cm(x)/∣Rcm(x)∣ and
arrive at the following estimate:
A(x) ≈√2pi σ5cm(x)∣Rcm(x)∣3 exp(− R2cm(x)2σ2cm(x)). (9)
Therefore, the average available area is exponentially small in this
case and depends on both the average radii and fluctuations. By
inserting (9) into (6) and neglecting the logarithmic terms of
|Rcm(x)|/σcm compared with the quadratic ones, one obtains the
estimate of the steric barrier
U(x) −U(0) ≈ kTR2cm(x)/2σ2cm(x). (10)
We consider the effect of fluctuations of both the pore and the parti-
cle on the diffusion current [Eq. (8)]. We again assume Gaussian dis-
tributions for the average radii Rm and Rc (now, independent of x),
respectively, with variance σ2m and σ2c ; D is constant all along
the channel. From Eq. (8), one finds that the ratio of the diffu-
sion current through this pore to the current of pointlike particles
through a rigid channel of radius Rc reads I/I0 = A/(piR2c), where
I0 = ∆cDpiR2c/L and A is given by Eq. (5). This dimensionless
diffusion current is reported in Fig. 2 vs the channel/particle vari-
ance. One can see that while for small particles (Rm/Rc = 0.1), the
diffusion current virtually does not depend on fluctuations, at Rm/Rc
= 1, the current increases linearly with the variance, σ2cm. For the
particles larger on average than the pore, Rm/Rc = 1.5, the current
exponentially grows with σ2cm. Equation (10) also shows that, in con-
trast with the small-particle limit where the PMF profile has loga-
rithmic dependence on Rcm(x), a much stronger power-law depen-
dence on |Rcm(x)|/σcm holds in the opposite limit. One may also
conclude that the PMF changes its statistical origin with the increase
in the relative molecule/pore size from purely entropic in the Fick-
Jacobs limit20 to essentially enthalpic in the opposite case of a large
FIG. 2. The effect of channel/particle size fluctuations on the diffusion current, I,
through a cylindrical channel driven by the concentration difference in the ends.
I is in units of I0, the diffusion current of pointlike particles through the rigid
channel of radius Rc , so that the ratio is independent of the length of the chan-
nel and of the concentration difference. Rc and Rm are the average radii of the
channel and the particle, respectively; the fluctuations of both are Gaussian, and
σ2cm(x) ≡ σ2c(x) + σ2m. On the inset graph, the effect of the fluctuations on
the temperature sensitivity (δI/I = ηTδT /T) of the channel calculated assuming
σ2cm ∝ T.
molecule in a small pore. Indeed, as Rcm(x) may be considered inde-
pendent of or weakly dependent on the temperature, the PMF in the
FJ limit is proportional to temperature. According to the fluctuation-
dissipation theorem,19 the fluctuations of the molecular size are also
proportional to T, σ2m = αkT; here, α = |dRm/df | determines the
compressibility of the molecule under external force f in the limit
f → 0. Analogously, we can conclude for the channel radius. If α does
not depend (or weakly depends) on the temperature, the steric bar-
rier (10) becomes temperature-independent [S(x) = −∂U/∂T ≈ 0],
i.e., has enthalpic property. The latter assumption seems reasonable
in the case of large deformations and for a stiff molecule/channel,
when the deformations are close to elastic and the work is trans-
formed into the internal potential energy of the molecule/channel.
As an important exception, the PMF for translocation of a Gaussian
polymer through a rigid pore, calculated within the continuous ran-
dom walk approximation,32–34 is always entropic, as in the FJ case.
The Gaussian polymer model, however, does not take into account
the finite volume and the flexibility of the monomers, and therefore,
it is not applicable when the monomer size is close to or larger than
the pore. To quantify the temperature effect on the diffusion current,
we define the dimensionless temperature sensitivity coefficient of the
channel as δI/I = ηTδT/T. By using the arguments discussed above,
one obtains ηT = ∂A∂σ2cm σ2cmA . On the inset graph in Fig. 2, we show the
dependence of ηT vs the channel/particle fluctuations. While there
is almost no temperature dependence (ηT ≪ 1) for small particles,
one would expect a linear increase (ηT ≈ 1) in the diffusion cur-
rent with T at Rm/Rc = 1 and strong temperature enhancement of
the diffusion current for Rm/Rc > 1 [ηT ≈ 52 + R2cm2σ2cm , derived from
Eq. (9)].
We apply the developed theory to calculate the PMF for translo-
cation of particles through a biological nanopore, the water-filled
β-barrel protein OmpF from Escherichia coli. This porin transports
passively polar nutrients through the outer membrane and is con-
sidered the main gate for polar antibiotics. Therefore, it is used as a
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model system for transport in membrane biophysics.8,30 The channel
is ≈60 Å long and has a quite rigid hourglass internal shape, with an
average radius of ≈17 Å at the entrance and of ≈2.9 Å in the constric-
tion region at x = −2 Å; see the inset of Fig. 3. The porin was inserted
into a lipid bilayer membrane, solvated in a box of water (size
64 × 64 × 80 Å3) and equilibrated at 300 K and at 1 bar pressure by
using all-atom MD simulations, as described earlier.35 We calculated
(the method is described in Ref. 30) the pore radius profile, rc(x), and
the probability density histogram, f c(rc, x), averaging every 50 ps
over a 300 ns trajectory performed in the NVT ensemble, inset of
Fig. 3.
By using the calculated f c(rc, x) for the channel and Eqs. (5) and
(6), we computed the steric PMF for hard spheres of radii from 2.5 Å
to 4 Å; the results are shown in Fig. 3. Besides, we calculated the
total PMF by including the spheres into 5–10 µs MD simulations and
by using metadynamics to increase sampling; the hard spheres were
modeled as van der Waals atoms with R = Rm and ε = 0.2 kcal/mol;
the position of the center of mass along the channel axis, x, and
its distance from the axis,
√
y2 + z2, where biased in metadynam-
ics runs. We see that the steric effect dominates in the constriction
region although the total PMF includes the cooperative effects of the
solvent, e.g., the hydrophobic interaction. The model describes the
PMF profile fairly well, including the height, position, and shape of
the central barrier.
Furthermore, we calculated the steric contributions [using
Eqs. (5) and (6); at T = 300 K] to PMF for two antibiotics, norfloxacin
(NOR, zwitterionic at normal pH) and carbenicillin (BAR, charged−2e at normal pH) in OmpF, and compared those with the total
PMFs obtained by using all-atom simulations with metadynamics;
see Fig. 4. The details of the all-atom simulations for NOR were pre-
sented previously.35 The procedure for BAR was similar: we used
6 walkers for a total simulation time of 3.4 µs. The distribution of
minimal radius of the molecular spheroid, fm(r), was obtained cal-
culating the minimal projection area in a preliminary all-atom sim-
ulation of the molecule in a box of water, as described in Ref. 30. The
data presented in the insets of Fig. 4 clearly show that, on average,
FIG. 3. The PMF of hard spheres in the OmpF channel at T = 300 K. Solid
curves are the steric PMF calculated by the model; the curves with open circles
are the total PMF obtained with MD simulations. On the inset, the average pore
radius along the pore axis is shown by the solid line, the ±2σc(x) area is shown
painted, and the radii of the hard spheres are denoted by the dashed lines with the
corresponding colors.
FIG. 4. The PMF of norfloxacin (a) and carbenicillin (b) in OmpF at T = 300 K.
Solid curve is the steric PMF calculated by the model; the curve with dots is the
total PMF obtained with MD simulations. On the up-right inset, the probability den-
sity of the pore radius at the constriction region, x = −2 Å (red boxes), and the
probability density of the minimal radius of the molecule (black boxes) are shown.
The middle-plain cross section of OmpF with the norfloxacin molecule (in orange)
at the entrance is shown on the up-left inset in (a).
both molecules are larger than the pore at the constriction region,
and only the flexibility makes the translocation possible: we are in
the regime described by the dotted curves of Fig. 2, or Rm/Rc > 1.
Although BAR is notably larger in average than NOR, it is also more
flexible. As a result, the steric barriers for the two molecules look
similar. The model also reasonably agrees with the total PMF profile
in the constriction region, demonstrating that the steric contribution
dominates the other interactions (electrostatic, hydrophobic, etc.),
similar to the case of the hard spheres. The electrostatic interactions
are relative weak for different reasons. For NOR, the large dipole
moment does not align to the transversal electric field of OmpF in
the central region.35 On the other hand, for BAR, the compensation
of the steric barrier due to the alignment of the small dipole moment
is balanced by its charges (−2e) that interact unfavorably with the
negative charges of the central region.
Although the model is presented here in a simplistic form (we
assume one-dimensional diffusion, circular channel, spheroidal par-
ticle, etc.), the suggested way of reasoning allows one to make a
straightforward extension to the case of several collective variables,
x = {x1, x2, . . .}. The two antibiotics considered, as well as many
other relevant molecules, have average size larger than the OmpF
in the constriction region. The presented method can be applied
to other problems of diffusive transport, apart from the discussed
case when antibiotic molecules pass through small porins,30 e.g.,
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transport of flexible solutes through smaller rigid pores36 and uptake
of hydrophobic molecules into the cellular membrane via the spon-
taneous opening in the lateral part of a membrane protein.37 Even-
tually, the strong dependence of the steric barrier on the particle size
and flexibility discovered here could potentially be employed in the
design of new molecular filters.
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